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nian motion with Hurst parameter H and let Rt = y {BlY + • • • + {BfY 
be the fractional Bessel process. Ito's formula for the fractional Brow- 



1) /q ^ ds . In the Brownian motion case {H = 1/2), Xt = /g ^dBl 

is a Brownian motion. In this paper it is shown that Xt is not a 
fractional Brownian motion \i H ^ 1/2. We will study some other 
properties of this stochastic process as well. 
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1 Introduction 



Let B = {{B^, . . . , Bf) , t > 0} be a rf-dimensional fractional Brownian mo- 
tion with Hurst parameter H G (0, 1). That is, the components of B are 
independent one-dimensional fractional Brownian motions with Hurst pa- 
rameter H G (0, 1). 

Denote the fractional Bessel process by Rt = a/ {Bjy + ■ ■ ■ + {BfY. In 
the standard Brownian motion case there is an extensive literature on this 
process, see for example |7j . It is natural and interesting to study this process 
for any other parameter H. If > 2 and 1/2 < if < 1, using the Ito's formula 
for the fractional Brownian motion we obtain 

^ = 11 W'^Bs + H{d - 1) / -^ds (1) 

"7^0 Jo R 

and for d = 1 we have 



\Bt\= [ sign{Bt)dBt + H [ 6o{Bs)s^''-^ds, (2) 
Jo Jo 

where 6o is the Dirac delta function, and the stochastic integrals are inter- 
preted in the divergence form. Equation have been proved in j3] in the 
case > |, and for Equation Q we refer to P, jH] and [U]. 

In the classical Brownian motion case it is well-known from the Levy's 
characterization theorem that the first term in the decomposition 1^ 



Eti lo wdBl when d > 2 

Jq sign{Bt)dBt when d=l 

is a classical Brownian motion. It is then natural and interesting to ask 
whether for any other H, the process X = {Xt, t > 0} is a fractional Brow- 
nian motion or not. The difficulty is that there is no characterization as 
convenient as Levy's one for general fractional Brownian motion [H ^ 1/2). 
It is then difficult to show whether a stochastic process is a fractional Brow- 
nian motion or not. In this paper, we shall prove that \i H ^ 1/2, then {X^, 
t > 0} is NOT a fractional Brownian motion. Our approach to show this 
fact is based on the Wiener chaos expansion (see for example [3] and [S]). 
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It seems to be the natural method to be used here since there is no other 
powerful tool available. 

Although {Xt, t > 0} is not a fractional Brownian motion, it enjoys some 
properties that the fractional Brownian motion has, such as self-similarity 
and long range dependence {H > 2/3). We will study these and some other 
properties of the process X. 

Section 2 will recall some preliminary results. Section 3 will study the 
case d = 1, namely, the process j^s\gn.{Bt)dBt and Section 4 is devoted to 
the study of general dimension, ie, the process Yl!i=i Jo 



2 Preliminaries 

Let B — {Bt, t > 0} be a fractional Brownian motion with Hurst parameter 
H e (0, 1). That is, S is a zero mean Gaussian process with the covariance 
function 

Rh {t, s) = E{B,B,) = 1 {s^^ + t'^ -\t- sD . 
We denote by Knit, s) the square integrable kernel such that 

ptAs 

RH{t,s)— / KH{t,u)KH{s,u)du. 
Jo 

Fix a time interval [0, T], and let Ti be Hilbert space defined as the closure 
of the set of step functions on [0, T] with respect to the scalar product 

(l[o,t], l[o,s])^ = Rnit, s). 

The mapping Ip^t] — > Bt can be extended to an isometry between Ti. and 
the Gaussian space Hi{B) associated with B. We will denote this isometry 
hy if — > B{ip). 

The operator defined by 

can be extended to a linear isometry between Ti and L^{0, T). This operator 
can be expressed in terms of fractional operators. More precisely, ii H > ^ 
we have 
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and if if < I 




(resp. 



It- fit) 




(resp. 



D^-fit) 



r(l-a) \{T-t) 



(-1)" ( fit) 



+ a 




We denote by D and 6 the derivative and divergence operators that can 
be defined in the framework of the MaUiavin calculus with respect to the 
process B. Let D'^'^, p > 1, G M, be the corresponding Sobolev spaces. 
We recall that the divergence operator 5 is defined by means of the duality 
relationship 



where m is a random variable in L^(r2;7i). We say that u belongs to the 
domain of the divergence, denoted by Dom 6, if there is a square integrable 
random variable 6{u) such that (jS)) holds for any F G D^'^. 

The domain of the divergence operator is sometimes too small. For in- 
stance, in [T] it is proved that the process u = B belongs to L'^iVl; H) if and 
only ii H > J. On the other hand, in j2. it is proved that for all t > 0, the 
process sign(5i) belongs to the domain of the divergence when if > |. 

Following the approach of p!; it is possible to extend the domain of the 
divergence operator to processes whose trajectories are not necessarily in 
the space H. Set 7^2 = (^h)"^ (^^(0,T)), where isT^^denotes the 

adjoint of the operator K^. Denote by S-h the space of smooth and cylindrical 
random variables of the form 



where n > 1, / G (M") (/ and all its partial derivatives are bounded), 
and (f)i G 7^2- 



E{FS{u)) = E{DF,u) 



n ' 



(3) 



F = /(i?(0i),...,i?(0O) 



(4) 
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Definition 1 Let u = {ut,t G [0,T]} be a measurable process such that 



E (^j^ u^^dt^ < oo. 



We say thatu e Dom^5 (extended domain of the divergence in [0,T]) if there 
exists a random variable 6{u) G L'^{Q) such that for all F E S-h we have 

T 

^{utK*jfK}jDtF)dt = E{6{u)F). 

In [T] it is proved that for any H G (0, 1), the process sign(i?t) belongs 
to the extended domain of the divergence in any time interval [0, T] and the 
following version of Tanaka's formula holds 

\Bt\= [ sign{B,)dB, + H [ 6o{B,)s^''-'ds. (5) 
Jo Jo 

(see also [H], [0] for this and a more general formula). In this formula = 
H 5o{Bs)s'^^~^ds is the the density of the occupation measure 



t 

2H-1, 



T^2H lriBs)s'''-'ds. 



3 The process sign{Bt)dBt 

Define the process X = {Xt, t > 0}, by 

Xt= [ sign{B,)dB,. 
Jo 

In the case of the classical Brownian motion (H = |), the process X turns 
out to be a Brownian motion. We will show first that for any He (0, 1), X 
is a if-self-similar process, that is, for all a > the processes {Xat,t > 0} 
and {a^Xt, t > 0} have the same law. 

Proposition 2 The process X = {Xt,t > 0} is H -self-similar. 
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Proof. Using the self-similarity property of the fractional Brownian mo- 
tion and Tanaka's formula (0) yields that for any a > 



pat 

Jo 

= \Bat\-H 6Q{Bau){auY"~^adu 
Jo 

= a''\Bt\-a^''H t doia"" B^y~'du 
Jo 

= a'^Xt, 

where the symbol = means that the distributions of both processes are the 
same. This completes the proof. ■ 

Then, it is natural to conjecture that for any H, the process Xt is a 
fractional Brownian motion of Hurst parameter H. We will see that this is 
no longer true if H ^ i, although the process Xf shares some of the properties 
of the fractional Brownian motion. 

Let us first find the Wiener chaos expansion of the process sign(i?(). We 
will denote by J„ the multiple Wiener integral with respect to the process B. 

Lemma 3 Let < H < 1. We have the following chaos expansion for 
sign{Bt): 

oo 

sign(5t) = ^&2fc+iWi(l)5 (6) 

k=0 

where 



J2k+1 



(2A;+ l)v^t(2'=+i)^A;!2^ 



Proof. Denote by Pe^x) = -^^^ a; G M, £ > 0, the heat kernel. 
The function 



fe{x) = 2 Pe{y)dy-l 

J —oo 

converges to sign(x) as e tends to zero. Hence, fe{Bt) converges to sign(i?j) 
in L^(f2) as e tends to zero. The application of Stroock's formula yields 

oo „ 

f,{B,) = Y,am dBs,...dB,^, (7) 

n—n JO<Sl<---<Sn<t 



where 

Xt) = E[D-{f,{B,))] =2E [p(r'\B, 
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in— 1 



-E \pe{B,-y)] 



y=0 



Taking the hmit of ((Tj) in L?{VL) as e tends to zero we obtain 



2(-i)""yr.'i(o). 



oo „ 

sign(St) = ^a„(t) / 



■ ■ ■ dBs„ , 



<--<s„<t 



where a„(t) = hm^j^o ctn(^) = 2(— 1)" p\2h (0). As a consequence, an(t) = 
if n is even and 



/27fr-f^A;!2^ 

if n = 2A; + 1. ■ 

Using Stirhng's formula we obtain 

.2 4(2A; + l)!t2^^+i 



E[/2fc+l(62fc+l)]^ 



(2A; + l)27rt2^^+i (A;!2'=)^ 

4(2A;)! 
(2A; + l)27r (A;!2'=)^ 



and we have proved the following proposition. 

Proposition 4 For any < H < 1, the random variable sign{Bt) belongs 
to the Sobolev space D"'^ for any a < |. 

Now it is easy to obtain the chaos expansion of sign(Bs)dBs. 
Proposition 5 For any < H < 1, 



/ sign{B s)dBs = ^Ckl2k{h2k 

"^0 k=l 
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where 

" V2^(2A;- 1)(A;- l)!2'=-2 

and 

h2kiSl, S2k) = (Si V S2 V ■ ■ • V S2fe)^^^''~^^^ . 

A consequence of this proposition is the following 

Proposition 6 For any < H < 1 and t > 0, the random variable sign{Bs)dBs 
belongs to the Sobolev space D"'^ for any a < 1/2. 

Proof. It is easy to check that there is a constant C > such that 

E \l2k{h2k)? < C 5 . 

L 2ky 2k)\ _ (2A;-l)2[(A;-l)f 22^ 

Therefore 

nckhk{h2k)f < c^^. 

This proves the proposition. ■ 

The next proposition states that sign{Bt)dBt is not a fractional Brow- 
nian motion. 

Proposition 7 The process X — {Xt,t > 0} is not a fractional Brownian 
motion. 

Proof. Suppose that X is a fractional Brownian motion. Then it is a 
fractional Brownian motion with Hurst parameter H since it is self-similar 
with parameter H. Then, the process 



Yt^ [ r]H{t,r)dXr 
Jo 



must be a standard Brownian motion with respect to the filtration generated 
by X, where 
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We claim that 

Yt = Zt, (8) 

where ^ 

Zt= I VH{t,r)sign{Br)dBr. (9) 
Jo 

In fact, set = ^, A; = 0, . . . , n, and consider the approximations 

n 
k=l 

We know that converges in L'^{Q) to Yt, because the functions 

n 
k=l 

converge to //^(t, r)l[o,j)(r) in the norm of the Hilbert space Ti. On the 
other hand, by Definition Q for any smooth and cyhndrical random variable 
F E Sn we have 

EiFYn = E(/D,F,f^r/^(t,tLi)l[tn_^,,n)(r)sign(i?,) 

\\ k=l I 7^/ 



= E |^^r^»rrj,,^D,F,^r/H(t,tLi)l[*^_,,t^)(r)sign(E, 

As before this converges to 

E((ir*'"ir*Z},F,r/H(t,r)l[o,i)(r)sign(S,))^,(^^^^ 

= E(FZi), 

as n tends to infinity. So (jHI) holds. 
We can write, using Lemma 121 

oo „t 



L2(o,T)^ 



k=0 

where 



-1^ 
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(10) 



So, 



where 



'Zit — bkl2k+2,t{f2k+2), 
k=0 



f2k+2{t, Si, ... , S2k+2) 

= symm (^rjnit, S2fc+2)s2i+2^^^'^l[o,2fc+2](si) ' 

r]H{t,Si\/ ■ ■ ■ y S2k+2) (Si V • • • V S2fc+2 



[0,2fc+2] (-52/0+1) 
(2fc+l)_ff 



2k + 1 



and l2k+2,t{f) denotes /2fc+2(/lro^t]^'^^^'*)- We can transform these multiple 
stochastic integrals into integrals with respect to a standard Brownian mo- 
tion, using the operator K^. In this way we obtain 



and the process 



T ( f \ — jW I 7V'*iS)(2fc+2) f X 

-'2fe+2,tU2fc+2; — -'2fc+2,tl-"-if J2k+2), 

00 

tW ( T^*®{2k+2) r N 

- ^Okl2k+2,t[^H j2k+2) 

k=0 



is a Brownian motion with respect to the filtration generated by W. Hence, 
every component of the chaos expansion is a martingale with respect to the 
filtration generated by W. In particular, this implies that the coefficient of 
the second chaos K*^^ f2{t, Si, S2) must not depend on t. 



For > I we have 



-H 



X 



{U1U2) 2 rjH{t, Ui V U2) 



(81,82) 



where dn — ch^{H — \)- We have used the fact that 

{lU) l[o,t] = It- (/l[o,t]) ■ 



Then 



li- ' (^'1W2) ^ r]H{t,UiN U2) 



(Sl,S2) 



t ft 



{{U\ - Si) {U2 - S2)y 



.82 J Si 



xrjnit, {ui - si) V {u2 - S2))duidu2. 



10 



Taking t — max(si, S2), we would have K'^'^f2{t, si, S2) — 0, because 

Hence, r]H{t, ui V U2) = 0, which leads to a contradiction. 
Suppose now that H < ^. In this case we have 



X 



-H) 



{U1U2) ^ rjH{t,UiV U2) 



[Sl,S2), 



where ch = chT{H + i), using again that {D^_f) l[o,t] = D!f,_ (/l[o,t])- 
Notice that 



1 



enra-H) 



dy. 



As a consequence, r}H{t,r) behaves as Cr^ ^(t — r)2 ^.We have 



D 



(i-i/)®2 



{U1U2) ^ r]H{t,Ui\/ U2) 



{Sl,S2) 



2DI 



-H ( {S1S2) r]H{t,Si\/ S2) 
[(t-Si)-^-''it-S2)'^'" 

* (51^2)"^ Vnit, si V S2) - {ys2y^ Vnit, y V ^2) 
1 _ ^* {siS2)~^ mit, Si V S2) - {ysi)-^^ r]H{t, y V Si) 



+ 



S2 

2 rt rt 



{y - 82)''" {t - s.y-'' 



dy 
dy 




{y~sif i{z-S2f HsiS2) ~'[riH{t,siy S2) 



(ys2) ^r]H{t,yy S2)-{zsi) ^ rinit, zW Si) + (yz) ^rinit^yVz) 



dydz 



Taking again t = max{si, S2), we would have K'^'^ f2{t, Si, S2) — which 
leads to a contradiction. ■ 

Consider the covariance between two increments of the process X: 



r{n) := E - X„) - , 
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where < a < n. We say that X is long-range dependent if for any a > 0, 



(nil = oo. 



n>a 



The next proposition studies the long-range dependence properties of the 
process X. We see that this property differs from that of fractional Brownian 
motion. 

Proposition 8 Let Xt = J^^ sign(Bs)dBs. If H > 2/3, then Xt is long-range 

dependent and if 1/2 < H < 2/3, then Xt is not long-range dependent. 

Proof. From Lemma El we can deduce the Wiener chaos expansion of the 
random variable Xt. In fact, we have 



k=0 



where bk is defined in flTUj) and 

/^2fc+2(Sl, . . . , S2fc+2) = (Si V ■ ■ ■ V S2fc+2)"^^''^^^^ ■ 

Let us compute the covariance of Xg and Xt — X^, where < r < t. From 
the Ito isometry of multiple stochastic integrals it follows that 

oo 

E [Xs{Xt - X,,)] = [hk+2Ah2k+2) [l2k+2,t{h2k+2) - l2k+2,r{h2k+2)]] ■ 

k=0 

We have 

oo 

E [x,{Xt - X.)] = y: bii^k + 2)! {h,,^2iz-''\ /^2.+2 (ifoir^^ - ifo^ro 

A:=0 

> 26g(/.2lfo^,,/.2(lfoJ,-lfo^,))^^ 

> ^ S^''t^''<j){suti)(f){s2,t2)dSidS2dt^dt2, 
^ Jr Jo Jo Jo 

where (j){s,t) = H{2H - l)\t - s\^^~^. 
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Thus let s = 1, r = n, and t — n + 1 and we have 



r(n) := E [(X,+i - - 



> C / / / s^^t^^ih - sif"-^{t2 - S2f"~^dsids2dtidt2 

Jn J J a J a 
rn+1 pn pa+l pa+l 

> C / / / S2^t2"{ti -a- lf^-\t2 -a- If^-^dsids2dtidt2 

Jn J a+2 J a J a 



3H-3 



as n tends to infinity. Thus if if > 2/3, ^ji>(jr(n) = oo. 
If < 2/3, then we use another approach. Set, as before 



r{n) = E 



a+l 



signBtdBi 



n+l 



signBfd Bi 



Using the formula for the expectation of the product of two divergence inte- 
grals we obtain 



r n 



pa-\-i pn+i 

an I / E (sign5,sign5t) \s - t\^^-'^dsdt 

J a J n 

pa+l pn+1 PS pt 

+4a| / / / / E{5o{B,)5o{Bt)) 

Ja Jn Jo Jo 



X \s - a\^^-^\9 - t\^^-^\dad9dsdt, 

where an = H(2H — 1). This formula can be proved by approximating the 
function sign(a;) by smooth functions and then taking the limit in L^(0). We 
have 



/ \S — CF 

Jo 



2H-2 



da — 



1 



2H-1 



Hence, 



r(n) = aH 



a+l pn+1 



E (signB.signBt) \s - t\^"-'^dsdt 



a J n 

a+l pn+1 



a J n 



^{5o{B,)5o{Bt)) 



x(s2^-i + {t- -{t- sf''-^)dsdt 
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For the second term we have 

4^2 ra+l M ^^2H^l ^ _ ^)2//-l) ^^2//-l _ _ ^yH-l^ 



hn = — — / / -—pT—dsdt 

[{stf^ - \ {t^^ + -\t- s\^^f] ' 



Therefore, 

4if2(2iJ - 1) ((a + 1)2^-1 + (n + Xf""-^) (n - a - l)^^-^ 



K. < 



To estimate a„, we have from (jHl) 



fc=0 

fc=0 



Therefore 



+ v"^^ -\u- vl"^" 
— ^1 } \n • 



a+1 pn+l „,2H , „.2H |„, „.\2H 



\2H-2'^ + ~ I'" ~ "^1 



On < (^2 / / |m — f I ; rrj dfrfw 

Ja Jn {UV)^ 

As a consequence, if if < 2/3, then X]n>i ^("') < oo- ■ 

4 General Dimension 

In this section we consider a (i- dimensional fractional Brownian motion B = 
{{Bj, . . . ,Bf),t > 0}, with Hurst parameter H > ^. Let Rt = \Bt\ be the 
fractional Bessel process associated to the ci-dimensional fBm B. 

Suppose first that H > ^. Fix a time interval [0, T], and define the deriva- 
tive and divergence operators, D^^^ and S^^\ with respect to each component 
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_B'^*\ as in Section 2. We assume that the Sobolev spaces D|'^ include func- 
tionals of all the components of B and not only of component i. For each 
p > 1, let h]f^ be the set of processes u G Dj'''(7i) such that 



E 



l"llLi/-ff{[0,T])J +^ [ll^^*''"llLi/ff([0,T]2 



< OO. 



It has been proved in [T] that s G [0,T]| belongs to the space h]^' 

for each i = 1, . . . ,d and 



l/H 



^* = E / f'^^s + H{d - 1) / -^ds. (11) 



In the case H < ^ the following result holds. 

Proposition 9 If H < ^, the process belongs to the extended domain of 
the divergence operator Dom^5* on any time interval [0,t], and ill]) holds. 

Proof. For any test random variable F G S-}^ we have 

E{^K*/K*^Di^^F)ds 
Kg 

hm f nK{Rl)B\)K]tK'i,D^^F)ds 



hm e/^F fh'M)BldB\ 
V Jo 



where, for any e > 0, 

^ ^ + ITT^X - -^^X^ if X < £ 

if X > e 



We have /^^(x) G (M) and \im.hi;{x) = ^Jx for all x > 0. By Ito's formula 
for the fractional Brownian motion in the case if < |, we have 

K{R\) - hM = E r KiRl)BldBi + J„ 

i=i 
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where 



J, = H{d - 1) ^ 

1 



t ^2H-l 



ds 



+H / 1 



L{i?i<£} 



d2 

e 



„2H-l 



ds. 



The process 



i=i Jo 



Bi 



(12) 



is //-self-similar, Holder continuous of order a < H, and it has the same jj- 
variation as the fractional Brownian motion. Nevertheless, as we will show 
in the next proposition it is not a fractional Brownian motion with Hurst 
parameter H. 

For h e 7^®", we denote 



h{si,...,sn)dBii--dBi:, 



(13) 



0<si,...,s„« 



First we find the chaos expansion of Yli=i lo fi{Bs)dB\, where /j : M*^ ^ M 
are smooth functions with polynomial growth. 

Proposition 10 The following chaos expansion holds for — X^^^^ /q fi{Bs)dBl 

d oo 
1=1 n=l l<ji,...,jn<d 



where 



■l)"(si V---Vs„+i)-"^ 



(27r)<^/2 

D" 



Ivl 

-e 2 



fiivisi V • • • V Sn+i)")dy. 



dyn---dyj 

Proof. Using Stroock's formula yields for each i = 1, . . . , d 

oo ^ 
n=0 l<ji,...,j„<d 
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where 



Qn f. 

9zj, ■ ■ ■ dzj^ 



9"fi 



[z)e~ 2s2-tf dz 



(277)^^/2 

Finally, the result follows from 



Zt ^ Y.I MB,)dBl 
i=i -^0 

d oo 

= E E E ^^--.^ (^)ifo:^]iM(^))) 



i=l n=0 l<ji,.--Jn<'i 

d oo / n+1 

= E E E ^^1--^-^ V • • • V n i[o,*](5. 

i=l n=0 l<ii,.--Jn<<i \ i=l 

which completes the proof of the proposition. ■ 

Now let fi{x) — --^=L=j. Then it is easy to check fi{tx) — fi{x) for all 

t > 0. Hence, for such /j, we have 

4,...Jn(^i' • • • ' ^n+i) = bj,,..,j^{s, V • • • V 

where 

f-iX"- r r 

e 2 



Then the chaos expansion of fi{Bt) is given by 

oo ~ 

/^(^*) = E E hn,-,j-'''' / ^^fj • • • dBi: , 

n=0 l<ji,...j„<d ^{0<si<-<s„<t} 
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and the chaos expansion of the divergence of this process is 

° n=l l<ji,...J„<d 

X / (si V ■ ■ • V Sr.^^Y'^'' dB{\ ■ ■ ■ dBtjBl^^. 

J {0<si,...,s„+i<t} 

Using these results we can prove the following proposition. 

Proposition 11 The process Y = {Ft, t > 0} defined in is not a frac- 
tional Brownian motion. 

Proof. If Yt = Yli=i lo fi{Bs)dBl is a fractional Brownian motion, then 
as in previous section one can show that 



Zt = y, m{t,s)U{Bs)dBi 
i=i 



is a classical Brownian motion. But 

d oo /, 

^* = E E E / h{t, si,..., Sn+i)dBll ■ . ■ dBi:dBl^^ , 

i=l n=l l<ji,...,jn<d J {0<si,...,s„+i<t} 

where 

h{t, Si, . . . , Sn+l) = ?7(t, Si V S2 V ■ ■ • V S„+l)(si V S2 V ■ • ■ V s„+i)~"-^ . 

In a similar way to one dimensional case, one can show that {Zt,t > 0} is 
not a martingale ■ 

Proposition 12 Let Y = {Yt,t > 0} be the process defined in 17^) If H > 
2/3, then Yt is long range dependent and if 1/2 < H < 2/3, then Yt is not 
long range dependent. 



Proof. Set 

Pn = E 
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By the formula for the expectation of the product of two divergence integrals 
we can write 



Jn JO JO 



x\e- tp^-V - s\^"-'^dedadsdt 



In order to estimate the term we make use of the orthogonal decomposition 



where 



and y is a d-dimensional standard normal random variable independent of 
. Set 



A 



St 



R{t,s) _ i(t2// + ,2if_|^_ ,|2/f) 



As t tends to infinity and s belongs to (0,1), the term A^j behaves as 
Hs~'^^t^~^. Hence, by Lemma El 

\m\Bt\j \m\x,tBs + Y\ 



E 



{B^,s"XstB, + Y) 
|5i||s^A,A + F| 

|2 nAi2 



Hence, 
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where 



C = E 



l^ll 


|2|y|2. 






1^1 1 


\Y\ 


3 



> 0. 



This imphes that the term behaves as n^^ ^. 
For the term we have 



2 
Pn 



1 m+l 




E 



Jn 



6^ 



BlBl 



\Bs\ \B, 



\Bt\ 



BlBj 
\BA^ 



xis^^-i + {t- - (t - sf''-')dsdt 

»1 /-n+l 




E 



Jn 



\Bs 


2 


\Bs\ 


3 


Bt\ 



x[s- ^ + it - sf''-^){t 

»1 /.n+1 




E 



{t - sf''-^)dsdt 

2 



Jn 

„2H-1 



\BMA \BMBt\ 



2H-1\(4.2H-1 



{t - sf"-^)dsdt. 



{Bs,BtY 
WW 



The term 



behaves as Kt ^ as t tends to infinity, where 



K = E 



BiYl 



d-2 + 



{Bi,Yf 



> 0. 



Hence, the term p'^^ behaves also as n^^ ^. This completes the proof taking 
into account that the constants C and K are positive. ■ 

Lemma 13 Let X and Y be independent d-dimensional standard normal 
random variables. Then as s tends to zero we have 



E 



( {X,eX + Y) \ _ 
K\X\\eX^Y\)-'^ 



\X\^\Y\^ - {X,YY 
\X\ \Y? 



+ £ 
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Proof. We have 



^ nX,eX + Y) \ ^ ^f{X,eX + Y) {X,Y) 



\X\\eX + Y\J Vl^lk^ + ^l 1^1 1^1 

E 



= E 



{X. :X + Y) 


Y 


{X. Y) 


cX + Y 






X\ 


\eX + Y\ 


\Y 





e 


X 


2 


Y 




c{X.Yf 


/I 


Y 


+o(s) 




X\ 


\sX + Y\ 


\Y 





and that yields the desired estimation. 
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